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Abstract
A robust design optimization algorithm is proposed for variable angle tow
composite structures in the presence of uncertainties in the constituent ma-
terial properties and applied loads. The proposed algorithm uses a stochastic
perturbation method to propagate these uncertainties through to the simu-
lated structural response, measured in terms of buckling load. The expected
value plus a selected number of standard deviations of the response in the
form of a bi-criteria problem. To describe the curvilinear fibres, two types
of fibre path function, namely linear- and nonlinear-variation formulae, are
adopted to illustrate the proposed methodology. A comparison between the
resulting robust designs and deterministic designs is made, and changes to the
final designs of fibre tow paths arising from the inclusion of uncertainty are
discussed. It is shown that the robust designs out-perform the deterministic
designs under real-world situations that include uncertainties.
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1. Introduction
Variable angle tow (VAT) composites, which benefit from recent advances
in tow placement techniques, provide additional opportunities to engineers at
both material and structure levels to obtain desired structural performances.
To fully leverage this additional design freedom, numerous efforts have been
devoted to the development of design optimization approaches that tailor
fibre tow paths to achieve enhancements of stiffness, buckling, postbuckling,
thermal response, and dynamic performance, etc. (Sabido et al., 2017). How-
ever, the vast majority of existing approaches retain a deterministic approach,
i.e. realistic variations in different factors including material properties, fibre
tow path, applied loads, are not taken into account. The importance of con-
sidering uncertainties in the design and analysis of fibre reinforced polymer
(FRP) composites has been well reported in the literature associated with
complexities in complex material constituents, manufacturing processes, as-
sembles, etc. (Sriramula and Chryssanthopoulos, 2009; Chiachio et al., 2012;
Zhou et al., 2017; Zhou and Gosling, 2018a; Chen et al., 2018). In practice,
high safety factors, such as the order of 8 - 10 for the design of vessels and
tanks (BS 4994, 1987), are introduced in current deterministic based struc-
tural design, which may lead to very conservative solutions. For the struc-
tures made of high-quality composite materials, e.g. aircraft in the aerospace
industry, lower safety factors are adopted. It is thus desirable to design VAT
composites that are robust to uncertainties to fully enjoy the benefits brought
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by such new types of advanced composite structures.
The originality of VAT can be traced back to the curvilinear fibres intro-
duced in (Hyer and Charette, 1991) to improve the buckling performance of
composite panels with cutouts under mechanical loads. It was then gener-
alized by Gu¨rdal and Olmedo (1993) with the use of continuous curvilinear
fibre paths expressed by a linear variation formula using three independent
angles (Gu¨rdal et al., 2008). Although the linear variation formulae are
straightforward, but the extent of enhancement on the desired structural
performance is limited by the design space controlled by three parameters
(the angles). Later, various nonlinear formulations were developed. Parnas
et al. (2003) introduced a nonlinear function to represent the fibre angles in
terms of either Bezier curves or cubic polynomials, and an enlarged design
space was established. (Alhajahmad et al., 2008) extended linear variation
of fibre orientations into a non-linear form using Lobatto polynomials. As
the coefficients of the Lobatto polynomials were not directly related to the
fibre angles it makes construction of the fibre path difficult. (Wu et al., 2012)
proposed a new non-linear distribution of fibre angles based on Lagrangian
polynomials. Angles at the control points as well as the coefficients of the
polynomials are used to define fibre angles in the design domain. The bene-
fits of adopting a non-linear fibre distribution was evidenced. For instance,
around a 10% higher buckling load was obtained compared with that from
a linear variation (Wu et al., 2012). However, the enhancement converges
to a certain extent even if highly nonlinear formulae have been introduced.
New design variables, namely lamination parameters, which allow the local-
stiffness properties to be described, have been used successfully for variable
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stiffness designs in the past decades, e.g. optimizing fundamental frequency,
stiffness, buckling in (Setoodeh et al., 2006; Abdalla et al., 2007; Ijsselmuiden
et al., 2010). This reduces the number of required design variables needed
to describe any given design space without limiting the extent of the de-
sign space. However, post-processing is required to determine the actual
fibre angle distribution from a lamination parameter-based solution. Due
to the same drawback, although the largest design space may be exploited,
the design optimization method associating design variables with nodes or
elements in the finite element method based context received very limited
attentions (Setoodeh et al., 2009). Although new approaches methods are
still being introduced, e.g. (Brampton et al., 2015; Kiyono et al., 2017), the
considerations of uncertainties remain extremely limited.
As a type of product made from Automated Fibre Placement technologies
(AFP), VAT composites possess many manufacturing defects and variabilities
that are also reported for conventional composites, such as unidirectional fi-
bre reinforced polymer composites. Variabilities may exist in the constituent
material properties in a variety of forms, e.g., fibre misalignment, waviness,
volume fraction, aspect ratio, for example, (Potter et al., 2008). The for-
mation of defects, such as fibre path defects including the gaps and over-
laps between adjacent fibre tows, were investigated in (Belnoue et al., 2017;
Lukaszewicz et al., 2012), with one of the processes known to influence the
formation of fibre path defects being the consolidation of laminates manu-
factured by AFP. It has been widely accepted that defects and their inherent
variations affect elastic properties, stiffness, fracture toughness, permeabil-
ity, etc, which have been continuously investigated through numerical and
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experimental approaches for conventional composites, e.g. (Endruweit et al.,
2013; Bednarcyk et al., 2014; Matveev et al., 2017). Whilst the study on
the stochastic mechanical behaviours of VAT composites was investigated
by the authors in (Zhou and Gosling, 2018b), variations in fibre tow path
have been reported in (Kim et al., 2014) for VAT composites manufactured
by the continuous tow shearing method. In addition, these uncertainties
inevitably influence the process of design optimization. Nevertheless, there
appears to have been no published studies on the buckling optimization of
VAT composites with considerations of uncertainties.
The optimization of structures that are relatively insensitive to input
uncertainties belongs to the well-established domain of robust design opti-
mization (RDO), usually attributed to Taguchi. Comprehensive reviews on
this topic can be found in e.g. (Beyer and Sendhoff, 2007; Schue¨ller and
Jensen, 2008). Compared with its relatively intensive application to con-
ventional material structures, few studies can be found in the design fibre
reinforced composites under uncertainties. Adali et al. (2003) presented an
optimal design of composite laminates subjected to biaxial compressive loads
belonging to a given uncertainty domain under the worst possible load case.
The laminates are subjected to biaxial compressive loads and the buckling
load is maximized under worst case in-plane loading which is computed using
an anti-optimization approach. The magnitudes of the in-plane loads are not
known a priori resulting in load uncertainty subject to the only constraint
that the loads belong to a give uncertainty domain. Walker and Hamilton
(2005) described a procedure to design laminated plates that maximised the
buckling load with uncertainties in the design variables, which are the ply
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orientation angles. which are design. The variations in the ply angles were as-
sumed to originate from the deviations between the manufactured fibre angles
and their intended design values. Several sets of maximum manufacturing tol-
erances, such as θ + 13◦ and θ − 7◦, were investigated. Liao and Chiou (2006)
proposed a method based on an anti-optimisation technique by adding extra
sensitivity terms in the design constraints for the robust optimum design of
fibre reinforced composites with manufacturing uncertainties. Anto´nio and
Hoffbauer (2009) develop a mixed formulation of reliability-based design op-
timisation and robust design optimisation for reinforced composites with the
ply angles as design variables, and the materi properties including the elastic
constants and the ply strengths were treated as random variables, where the
variations may originated from the manufacturing processing and the envi-
ronment factors. Lee et al. (2010b) showed first the differences between the
damage tolerant design and robust design of composite panels, and also stud-
ied the effect of laminate stacking sequence on the robustness. They further
applied the method to design two composite fuselages (Lee et al., 2010a).
Recently, RDO has also been applied to hybrid composites. Lee et al. (2013)
conducted a robust design optimization for fibre and metal reinforced com-
posites. Dong et al. (2015) adopted robust optimization methodologies to
design the strength of hybrid composite consisting of both glass and carbon
fibre reinforced epoxy under flexural loading. In addition, a practical way
used in industry is applying the ten-percentage rule, which requires that at
10% the fibres in every layup should be lined up with each of the four principle
directions, i.e. 0◦, 45◦, −45◦ and 90◦ to avoid secondary load cases. Recently,
this rule has been imposed as a constraint in the design optimization of VAT
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composites in (Peeters and Abdalla, 2016). Rouhi et al. (2015) proposed
a multi-objective optimization method to design VAT composite cylinder to
ensure that the structure is robust to multiple direction loads. This summary
review highlights the lack of published research on robust design optimiza-
tion for VAT composite structures under sources of uncertainty, particularly,
in the structural properties and fibre paths. It is noted that this coincides
with the recognition that this type of advanced composite is relatively new.
This paper, therefore, presents a first attempt to provide a computa-
tionally efficient algorithm for robust design optimization of VAT composite
structures. Uncertainties in the materials properties of the microscopic con-
stituents are considered to fully take into account the hierarchical structure
nature of composites. The probabilistic homogenization method in (Zhou
et al., 2016) has been used to propagate uncertainties from microscale to
macroscale, enabling the building of a stochastic objective function. A ro-
bust optimization approach has been adopted to enable the determination
of the maximum buckling load to be identified as a mathematical maximi-
sation problem. The layout of the paper is as follows: Section 2 begins
with a review of deterministic optimization of fibre tow path for achieving
maximum buckling capability. Derivation of the robust design optimization
problem for VAT composites in the presence of uncertainties is described in
Section 3. Section 4 presents numerical examples and compares determin-
istic and robust designs showing that, compared with deterministic designs,
robust designs generated by the proposed algorithm, generally feature load
path diversification and member thickening to mitigate the effects of input
uncertainties.
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2. Finite element analysis for VAT composite plates
2.1. Fibre path functions
In the present study, two popular fibre path functions as representative
examples of linear and non-linear categories are used - the linear variation
formula (LV) proposed by Gu¨rdal and Olmedo (1993) and the Lagrangian
polynomials based non-linear variation formula (NLV) developed by Wu et al.
(2012). A brief description of the two formulations is outlined below for
completeness.
2.1.1. Linear variation formula
The three parameter linear variation formula in (Gu¨rdal and Olmedo,
1993; Gu¨rdal et al., 2008) is one of the most popularly used functions for
fibre tow path (see Fig. 3a for 0◦ < 0◦|50◦ >). It is expressed as:
θ(x) = φ+ T0 + (T1 − T0) |x
′ |
d
(1)
where T0 and T1 are the angles at two control points, A and B, respectively, d
is the distance between these two points, φ is the direction moving from A to
B, and x
′
= xcos(φ) + y sin(φ). Using this formula, a single VAT composite
layer may be represented by φ < T0|T1 >, with laminate made up of multiple
VAT composite layers, specified by different combinations of the angle φ and
stacks of ± < T0|T1 >.
2.1.2. Nonlinear variation formula
Although linear variation formulae show significant improvements in struc-
tural performance, non-linear fibre path functions become alternatives to
exploit extended design spaces capable of exploiting further gains. The
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control-point based non-linear variation formulae proposed in (Wu et al.,
2012) has been adopt in the present study (see Fig. 3b with 9 control points
of < 61◦49.5◦71.5◦; 67◦60◦51◦; 17◦12◦45◦ >). It shows similar performance
to the lamination parameter-based method, which can obtain the most op-
timal design solutions but at the expense of fibre continuity, whilst offering
directly manufacturable fibres. Lagrangian polynomials define the nonlinear
variation of fibre angles and a set of M × N preselected control points to
parametrize the fibre angle variation of VAT panels, as in,
θ(x, y) =
M−1∑
m=0
N−1∑
n=0
Tmn
∏
m 6=i
(
x− xi
xm − xi
)∏
n 6=j
(
y − yj
yn − yj
)
(2)
where (xi, yj), (xm, yn) are the x-y coordinates of reference points. The ad-
vantage of using the Lagrangian polynomials in Eq. (2) to represent the
non-linear distribution of fibre angles is that the coefficient of each term,
Tmn, is also the fibre angle at a specific reference point (xm, yn). This ap-
proach, therefore, offers a measure of physical interpretation.
2.2. Multiscale buckling analysis for variable angle tow laminated composite
plates
2.2.1. Homogenization
Fibre tows consist of randomly distributed fibres and matrix as shown
in Figure 2. The majority of studies treat them as homogeneous materials,
without considering their material constituents and microscopic structures,
and ignoring concomitant uncertainties originating from defects such as fibre
misalignment, voids, fibre waviness, and associated variations (Potter et al.,
2008). To better quantify uncertainties, it is necessary to propagate uncer-
tainties in the microscopic features through to the macroscale measures, e.g.
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material properties. Probabilistic homogenization techniques based on var-
ious schemes in (Zhou et al., 2016) can be used. In the present study, the
Mori-Tanaka method (Mori and Tanaka, 1973; Benveniste, 1987) has been
adopted as it provides a balanced between accuracy and computational cost.
The Mori-Tanaka method being a type of asymptotic homogenization, is
cheaper in terms of computation cost whilst at the same time, being capable
of providing the same level of accuracy in the prediction of the mechanical
properties of unidirectional fibre composites.
The Mori-Tanaka scheme was formulated to correlate averaged stresses
and strains of the constituent inclusions with those of the matrix in a com-
posite considering the interaction between inclusions and matrix. It uses the
equivalent inclusion idea in terms of Mori-Tanakas tensor, A¯, which depends
on Eshelbys tensor, E. The estimate of the overall composite stiffness tensor
C¯ is,
C¯ =
(
vfI + vmA¯
) (
vfCf + vmCmA¯
)−1
(3)
with
A¯ = CmA˜
−1
Sf with A˜ = [I +ES (Cf +Cm)]
−1 (4)
where I is the second-order identity tensor, and E is the Eshelby tensor,
which depends only on the inclusion aspect ratio and the matrix elastic
constants. S and C are the composite compliance and stiffness tensors,
respectively, with subscripts f and m referring to the fibre and the matrix.
Explicit formulae for A¯ for the considered unidirectional fibre compos-
ites comprising fibres with transversely isotropic properties and an isotropic
matrix derived by Liu and Huang (2014), has been adopted, and is defined
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as,
A¯ =

A11 A12 A13 0 0 0
A21 A22 A23 0 0 0
A31 A32 A33 0 0 0
0 0 0 A44 0 0
0 0 0 0 A55 0
0 0 0 0 0 A66

(5)
where the non-zero elements are given by
A11 =
Em
Ef1
1 + νm
(
νm − νf12
)
(1 + νm) (1− νm)
 (6)
A12 =
Em
Ef2
νm
(
νm − νf23
)
2 (1 + νm) (1− νm) −
Em
Ef1
νf12
(1 + νm) (1− νm) +
νm
2 (1− νm)
A21 =
Em
Ef1
νm − νf12
2 (1 + νm) (1− νm)
A22 =
Em
Ef2
3− νf23
8 (1 + νm) (1− νm)−
Em
Ef1
νf12ν
m
2 (1 + νm) (1− νm)−
(νm + 1) (4νm − 5)
8 (1− νm) (1 + νm)
A32 =
Em
Ef2
1− 3νf23
8 (1 + νm) (1− νm)−
Em
Ef1
νf12ν
m
2 (1 + νm) (1− νm)−
(νm + 1) (1− 4νm)
8 (1− νm) (1 + νm)
A44 =
Gm
Gf23
1
4 (1− νm) +
3− 4νm
4 (1− νm)
A55 =
Gm +Gf12
2Gf12
with E and G are the Young’s and shear moduli of the material, respectively,
ν the Poisson’s ratio, and V the volume fraction.
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2.2.2. Linear buckling analysis
For the structural analysis, or prebuckling analysis, of VAT laminated
composite plates, the essential difference compared with conventional com-
posite laminates, is that the stiffness properties vary as a function of spatial
location. Therefore, in a finite element analysis, each element will have a dif-
ferent stiffness matrix, with, in the case of curvelinear fibre tows (e.g. Figure
3), different values at each Gauss point.
Ku = f (7)
where u and f are the nodal displacement and force vectors, and K is the
global stiffness matrix. The first order shear deformation theory is assumed
in the finite element analysis. The global stiffness matrix is thus written as,
K =
NE∑
e=1
ke =
NE∑
e=1
[
BT DˆeB
]
=
NE∑
e=1
NL∑
k=1
[
BTLTekDekLekB
]
(8)
where subscript ’T’ denotes a vector or matrix transposition; B is the strain-
displacement transformation matrix; NE and NL are the numbers of ele-
ments and plies, respectively.
Dek is the constitutive matrix of the k-th ply for the e-th element given
by:
Dek =

tkD1k −tkz¯kD1k 0
−tkz¯kD1k 13
(
z3k+1 − z3k
)
D1k 0
0 0 κD2k
 (9)
where tk is the thickness of k-th ply, zk+1 and zk are the through-thickness
coordinate of the top and bottom surface of the k-th ply, and κ is the shear
correction factor; D1k and D2k are the in-plane constitutive and out-plane
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shear constitutive matrices of the k-th ply.
D1k =

Q11 Q12 0
Q12 Q22 0
0 0 Q66
 , and D2k =
CH44 0
0 CH55
 , (10)
where
Q11 = C¯11 − C¯
2
13
C¯33
Q12 = C¯12 − C¯13C¯23
C¯33
Q22 = C¯22 − C¯
2
23
C¯33
Q66 = C¯66 (11)
with C¯ defined in Eq. (3). Lek is the coordinate transformation matrix for
the contribution from the k-th ply to the e-th element. It is expressed as,
Lek =

T1ek 0 0
0 T1ek 0
0 0 T2ek
 (12)
with
T1ek =

cos2 θek sin
2 θek sin θek cos θek
sin2 θek cos
2 θek − sin θek cos θek
−2 sin θek cos θek 2 sin θek cos θek cos2 θek − sin2 θek
 ,
T2ek =
 cos θek − sin θek
− sin θek cos θek
 (13)
where θek is the corresponding fibre tow orientation at the centre of the ele-
ment.
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For a linear buckling analysis, it is required to solve a standard eigenvalue
problem expressed as,
(K− λKg) V = 0 (14)
where V = {v1, · · · ,vi} is the matrix of right-hand eigenvectors correspond-
ing to eigenvalues of λ = {λ1, · · · , λi}, and Kg is the global geometric stiff-
ness matrix due to an applied mechanical load as in,
Kg =
NE∑
e=1
[
BTg SˆBg
]
(15)
where Bg is the strain-displacement matrix for geometric stiffness matrix,
and Sˆ is the rearranged in-plane stress resultant matrix, which is usually
expressed as,
Sˆ =

S 0 0
0 S 0
0 0 S
 , with S =
Nx Nxy
Nxy Ny
 (16)
where Nx, Ny, and Nxy are the in-plane stress resultants.
3. Robust design optimization of variable angle tow composites
3.1. Robust design problem
The task of a robust optimization problem is to find a design with the
best structural performance, e.g. buckling loading, which is, at the same
time, less sensitive to randomness in the inputs in the sense that optimal
solution continues to comply with the problem constraint. A practical way is
to formulate the robust optimization problem in the presence of uncertainties
is as a bi-criteria optimization problem that maximises the mean value, µ,
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and minimizing the standard deviation, σ, of the objective function. To
consistently formulate the problem as a minimization problem, the reciprocal
of the mean value is used. Hence, the optimization problem is mathematically
expressed in a weighted sum form as,
Find : a = {T00, T01, · · · , Tmn} ,m = 1, · · · ,M − 1;n = 1, · · · , N − 1
Minimizing : J (a, µ, σ) = 1
µ(λ)
+ kσ(λ)
subject to : K (a)u (a) = f
−90◦ ≤ a ≤ 90◦ (17)
where k is the coefficient selected by the designer and expresses the impor-
tance of controlling the variability of final designs. The higher this coefficient,
the lower the standard deviation of the final designs. In this study, a genetic
algorithm (GA) is used to solve the optimization problem defined in Eq.(17).
The popularly used gradient-based methods can only provide a sub-optimal
solution, whilst the GA approach has demonstrated a capability to achieve
a more global optimum (Wu et al., 2012). In addition, it is computationally
intractable to undertake sensitivity analyses for a probabilistic linear buck-
ling analysis. It should be noted that care is required when selecting the
sizes and numbers of populations for the GA analysis. Several trials of the
GA search with different initial populations are suggested. Hence, the main
focus is to calculate µ(λ) and σ(λ). Here, a perturbation-based stochastic
finite element analysis is adopted.
An m-dimensional random vector b = {b1, b2, · · · , bm}T is defined to rep-
resent the set of random variables, e.g. material properties and fibre path
parameters. With the presence of these uncertainties, K and Kg become
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stochastic functions as they are function of material properties and fibre
path parameters. Therefore, the buckling eigenvalue problem is a stochastic
function of b as indicated in Eq. (14), where the relationship between λ with
b is implicitly established. Under the principle of perturbation theory, the
stochastic function, λ(b), can be approximated via a Taylor series expansion.
For example, the second-order approximation is,
λ(b) = λ(b¯) + 
m∑
r=1
∂λ(b¯)
∂br
δbr + 
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2
m∑
r=1
m∑
s=1
∂2λ(b¯)
∂br∂bs
δbrδbs + · · · (18)
where b¯ is the mean value of the random vector b, δbr denotes the varia-
tion around mean value of the r-th random variable, ∂λ
∂br
and ∂
2λ
∂br∂bs
denote
the first- and second-order partial derivatives of λ(b) with respect to the
r- or/and s-th variables, respectively, and  is a scalar representing a given
small perturbation.
In addition, given the approximation for λ(b) in Eq. (18), its statis-
tics in terms of mean value and variance can be easily calculated from the
second-order approximation. For example, according to the definition of the
mean value,
∫ +∞
−∞ λ(b)p(b)db, substituting Eq. (18) and using the definitions∫ +∞
−∞ p(br)dbr = 1,
∫ +∞
−∞ δbrp(br)dbr = 0 and
∫ +∞
−∞ δbrδbsp(br)p(bs)dbrdbs =
COV (br, bs), then the mean value of λ(b) is,
µ [λ(b)] =
[
λ(b¯)
]
+
1
2
m∑
r
m∑
s
[
∂2λ(b¯)
∂br∂bs
]
· COV(br, bs). (19)
Similarly, based on its definition
∫ +∞
−∞ {λ(br)− E [λ(b)]} {λ(bs)− E [λ(b)]} p(b)db,
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the variance is,
COV ([λ(b)] , [λ(b)]) ≈
m∑
r,s
[
∂λ(b¯)
∂br
] [
∂λ(b¯)
∂bs
]
· COV(br, bs) (20)
+
1
4
m∑
r,s,t,w
[
∂2λ(b¯)
∂br∂bs
] [
∂2λ(b¯)
∂bt∂bw
]
E [brbsbtbw] .
with r, s, t, w denoting the corresponding random variable in b.
Therefore, the mean value and standard deviation or covariance of λ
can be calculated once the first- and second-order partial derivatives of the
stochastic function with respect to the random variables is obtained. It
requires to use the stochastic finite element method.
3.2. Formulations for probabilistic buckling analysis
Pre-multiplying Eq. (14) by vT and differentiating with respect to the
random variables, the first- and second-order derivatives of λ are defined as,
∂λi
∂br
=
[
vTi
(
∂K
∂br
− λi∂Kg
∂br
)
vi
]
/
(
vTi Kgvi
)
(21)
∂2λi
∂br∂bs
=
[
vTi
(
∂2K
∂br∂bs
− ∂λi
∂br
∂Kg
∂bs
− ∂λi
∂bs
∂Kg
∂br
− λi ∂
2Kg
∂br∂bs
)
vi
+vTi
(
∂K
∂br
− ∂λi
∂br
Kg − λi∂Kg
∂br
)
∂vi
∂bs
+ vTi
(
∂K
∂bs
− ∂λi
∂bs
Kg − λi∂Kg
∂bs
)
∂vi
∂br
]
/
(
vTi Kgvi
)
(22)
Whilst the calculations of the first- and second-order derivatives for K are
straightforward, the derivatives for the remaining terms, including Kg, λ and
vi are rather more involved.
From Eq.(8), the first- and second-order partial derivatives of K are ob-
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tain:
∂K
∂br
=
NE∑
e=1
NL∑
k=1
BTLTek
∂Dˆek
∂br
LekB (23)
∂2K
∂br∂bs
=
NE∑
e=1
NL∑
k=1
BTLTek
∂2Dˆek
∂br∂bs
LekB (24)
where, for ∂Dˆek
∂br
, it is required to calculate ∂Dˆ1k
∂br
and ∂Dˆ2k
∂br
as functions of the
material properties as indicated in Eq. (9). In this way, uncertainties in the
material properties can be propagated to the buckling eigenvalues.
From Eq. (15), the partial derivative of the stress stiffness matrix is,
∂Kg
∂br
=
NE∑
e=1
[
BTg
∂Sˆ
∂σj
∂σj
∂br
Bg
]
(25)
where the derivatives of stress components are given as,
∂σ
∂br
=
∂D
∂br
Bu+ DB
∂u
∂br
(26)
Similarly, the second order derivatives are,
∂2Kg
∂br∂bs
=
NE∑
e=1
[
BTg
(
∂2Sˆ
∂σj∂σi
∂σj
∂br
∂σi
∂bs
+
∂Sˆ
∂σj
∂2σj
∂br∂bs
)
Bg
]
(27)
where the second-order partial derivatives of stress components are,
∂2σ
∂br∂bs
=
∂2D
∂br∂bs
Bu+
∂D
∂br
B
∂u
∂bs
+
∂D
∂bs
B
∂u
∂br
+ DB
∂2u
∂br∂bs
(28)
with the derivatives for displacement field defined as,
∂u
∂br
= K−1
(
∂f
∂br
− ∂K
∂br
u
)
(29)
∂2u
∂br∂bs
= K−1
(
∂2f
∂br∂bs
− ∂
2K
∂br∂bs
u− ∂K
∂br
∂u
∂bs
− ∂K
∂bs
∂u
∂br
)
(30)
It is noted that ∂λi
∂br
and ∂
2λi
∂br∂bs
require calculation of ∂D
∂br
and ∂
2D
∂br∂bs
. These
components are readily computed using the analytical expressions in Eqs.
(3, 6, 10, 11).
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3.3. Solution procedure
Solving the optimization problem given in Eq. (17) for the vector of
design variables a, requires the following steps:
1. Start with an initial guess for the vector of design variables a.
2. Solve the deterministic equilibrium equation for u and then the deter-
ministic linear buckling equation for λ.
3. Assemble the pseudo-force vector ∂K
∂br
u as given in Eq. (23) and solve
for ∂u
∂br
using the first-order equilibrium equation given in Eq.(29).
4. Assemble the second-order derivative matrices ∂
2K
∂br∂bs
given in Eq. (24)
and solve for ∂
2u
∂br∂bs
using the second-order equilibrium equation given
in Eq. (30).
5. Assemble the first-order derivative matrices ∂Kg
∂br
in Eq. (25) and solve
for ∂λ
∂br
using Eq. (21).
6. Assemble the second-order derivative matrices ∂
2Kg
∂br∂bs
in Eq. (27) and
solve for ∂
2λ
∂br∂bs
, and evaluate the expected value and standard deviation
of λ as needed using Eq. (19) and square root of Eq. (20), respectively.
7. Assemble the right-hand side Eq. (17), and solve for a with GA.
4. Numerical studies
In this section, we detail two examples to demonstrate the efficiency of the
proposed approach in designing VAT laminated composite structures with
uncertainties. In the two examples, the structures have the same configura-
tion, but they are subjected to different boundary conditions. The structure
is a square plate with side lengths of a = 0.254 m, and comprising a 12-ply
19
balanced symmetric ±θ6s laminate with a total thickness of t = 0.127 mm.
The lamina constituent materials are AS4 carbon fibre and 3501-6 epoxy ma-
trix with properties listed in Table 1 taken from Soden et al. (1998), with a
fibre volume fraction of 66%. In the first example, denoted VAT plate 1, the
boundary conditions are defined as the two loading edges clamped and other
two free (CCFF). Uniform combined compression and shear loads is consid-
ered (Hao et al., 2018), as shown in Figure 4a. In the second example, VAT
plate 2, Dirchilet boundary conditions are assumed, with the transverse edge
free to deform as shown in Figure 4b, combined with a uniform prescribed
displacement following (Gu¨rdal et al., 2008).
The plate is discretized into a selected number of bilinear rectangular el-
ements and analysed using a finite element code programmed in MATLAB.
The accuracy of the finite element implementation has been validated against
ANSYS, and reported in Zhou and Gosling (2018b). The fact that the fibre
paths are potentially curved, means that the mesh density affects the fibre
angle discretisation in each element. This may influence the perceived ’op-
timal’ solution for the optimization problem. To select the mesh density, a
mesh convergence study is conducted. In Fig. 5, the number of elements ver-
sus the statistics of the buckling load for variable tow angle designs is plotted
for the two examples. It can be seen that variable-stiffness designs require a
significantly larger number of elements to converge, but the computational
expense is relatively high, in particular, with the stochastic analysis. For this
reason the example problems are solved with a mesh density of 400 elements,
i.e a mesh of 20 × 20, which show an acceptably clear convergence trend in
Fig. 5.
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4.1. Example 1: a VAT plate under combined shear and compression loads
For the VAT plate 1, deterministic designs based on the two fibre tow
path equations have been determined. Their critical buckling performances
in terms of eigenvalue, eigenmode and pre-buckling stress resultants are com-
pared as shown in Table 2. In addition, these calculations are compared with
those for the commonly used straight fibre design of a quasi-isotropic plate
< ±45◦ >3s as references. Although the critical buckling modes are similar
in terms of mode shape, the critical buckling loads become higher with in-
creasing complexity of the fibre tow paths. By comparing the stress fields
from these three designs shown in Table 2, it is evident that the enhancement
of the buckling performance is achieved by releasing compressive stresses in
the centre of the structure. For instance, the x-direction stress resultant, Nx,
becomes more smooth in the two variable tow angle solutions compared with
its counterpart in the straight fibre design as shown in Table 2. Although
the whole structure is in compression, it has a clear trend that its magnitude
reduces from the edge to the centre. The strain energy is hence significantly
reduced to have form a more stable status under the applied load.
4.1.1. Uncertainties in material properties
We now assume constituent material properties are uncertain with 10%
variability. They include variations in the axial and transverse Young’s mod-
uli, Ef1 and E
f
2 , axial Poisson’s ratio, ν
f
12, major Poisson’s ratio, ν
f
23, shear
modulus, Gf12 and volume fraction V
f for fibre, and Young’s modulus, Em
and Poisson’s ratio, νm for matrix. Their statistics are given in Table 1.
Robust designs with and without variability control are obtained from the
developed method. In the GA optimal search, several trials with different
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combinations the size of population and the size of generation, and muta-
tion probabilities were performed. For this study, a population size of 200
and the maximum number of generations of 100 were used. The optimiza-
tion process stops once the convergence criterion is satisfied, e.g. the average
changes. Around 50 generations were required to make the design to converge
to a stable solution. We present the resulting designs in three rows in Fig.
6, based on the factor k in Eq. (17). The first row is for k = 0 (designs
for the expected value only), and the second and third rows are for k = 50
and k = 100, which includes some controls over the design variability. Also,
in each row, both linear- and nonlinear-variations have been considered. It
should be noted that the NLV fibre path can be defined by different reference
points. However, 9 reference points are recommended in (Wu et al., 2012).
Hence, the number of design variables are 3 and 9 for LV and NLV fibres in
Eq. (17). The corresponding fibre angles at reference points of each design
are given in Table 3. Using Eqs. (1) and (2), the distributions of fibre angles
in the VAT plate can be explicitly determined. They are presented in the
form of fibre angle in each element in Fig. 6.
Statistics of the critical buckling load in terms of the lowest eigenvalue
are summarized in Table 4. They indicate that the proposed methodology
to control the effects of variability is effective. The robust designs identified
by the solution procedure have a smaller coefficient of variation (CV) in
the buckling load as the control parameter is increased, indicating that the
designs are progressively less sensitive to variabilities in the magnitudes of
the material properties.
To study the effect of the weighting factor k in the bi-criteria optimization
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formulation of robust design, we now compare the means and the standard
deviations of the eigenvalue obtained with k = 50 and k = 100. As can be
seen from Table 4, the standard deviation decreases with an increase in k.
However, the reduction in variation is at the expense of the mean value of the
eigenvalue in the optimized structure. This reflects basic features of Pareto
solutions of the bi-criteria optimization problem. From the fibre paths, the
reduction of variation in the design is mainly achieved with directing fibre
paths to y-direction. In addition, controlling for design variability (increasing
k) consistently leads to more complexity in the designs. For instance, the
fibre paths are mainly along a diagonal direction in the case of k = 0 for
both LV and NLV cases, while they are a mixture of the diagonal and the
y-directions for k = 100.
4.1.2. Uncertainties in the applied loads
In this section, the two applied loads, shear and axial compression, τ and
p, respectively in Fig. 4a are considered as uncertain sources. The shear load
is treated as a random variable with Normal distribution, and its mean value
and coefficient of variation are 1N/mm2 and 10%. The axial compression
load is a normal distributed random variable with mean value and coefficient
of variation of 1N/mm2 and 5%. Using the stochastic response analysis
formulae given in the previous sections, the variations in the eigenvalue can be
propagated from the applied loads. Hence, the robust optimization problem
can be solved to find solutions being less sensitive to the applied loads. The
resulting robust optimal designs are illustrated in Fig. 7, and the statistics
of the critical buckling load in terms of the eigenvalue is listed in Table 4. As
listed, uncertainties in the applied loads lead to around 7% variations in the
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lowest eigenvalues for both LV and NLV fibre paths. With the introduction
of variability controlling, reductions in the variations are seen through the
standard deviations of the eigenvalues. Two different extents of variability
controlling have been investigated, with one having k = 1 and another for
k = 2. The optimal results for the fibre angles are listed in Table 3, and
the fibre paths in the form of elemental angles are given in Fig. 7. These
fibre paths indicate that the controlling for variability tend to generate more
complexity in the designs. For instance, in the designs with LV, the fibres
are mainly along the diagonal direction, while they vary in y-direction for
k = 2. Similarly, the fibre paths for NLV add complexity with the increase
of k. Overall, although the variation is reduced, it is at the expense of the
mean value of the eigenvalue in the optimized structure. It may be worth
noting that this is normal for robust design optimization, where the ’peak
of the mountain’ is cut off to produce a ’plateau’ which is at a lower level.
Hence the robust value of the objective function is smaller.
4.2. Example 2: a VAT plate under uniform end-compression displacements
In the example, the classical case studied in (Gu¨rdal et al., 2008) is in-
vestigated. The plate is subjected to a uniform two-end displacement with
a simply supported boundary conditions. In addition to the buckling eigen-
value, a further buckling measure, namely, the critical buckling coefficient,
which is related to critical buckling strength in the form of the load normal-
ized by a2/(E1h
3), is reported. It is used here to indicate the performance
enhancement compared with a straight fibre laminate, and is calculated as,
Kcr = λN
cr
x
a2
E1h3
(31)
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where N crx is the critical loading in terms of axial stress resultant. According
to (Gu¨rdal et al., 2008), N crx is defined as an average critical load calculated
as N¯ crx =
1
b
∫ h/2
−h/2Nx(y)dy. To take into account uncertainties, Eq. (31) is
approximated again using a Taylor series expansion with its first- and second-
order derivatives given as,
∂Kcr
∂br
=
(
∂λ
∂br
N crx + λ
∂N crx
∂br
)
a2
E1h3
∂2Kcr
∂br∂bs
=
(
∂2λ
∂br∂bs
N crx +
∂λ
∂br
∂N crx
∂bs
+
∂λ
∂bs
∂N crx
∂br
+ λ
∂2N crx
∂br∂bs
)
a2
E1h3
(32)
Thus, the outcomes from PSFE provide the required basic elements to predict
the statistics of the critical buckling coefficient. Its mean and variance are,
E(Kcr) = λN
cr
x
a2
E1h3
+
m∑
r=1
m∑
s=1
∂2Kcr
∂br∂bs
cov(br, bs) (33)
V ar(Kcr) =
m∑
r=1
m∑
s=1
∂Kcr
∂br
∂Kcr
∂bs
cov(br, bs) (34)
For the robust design optimization, a similar formulation as Eq. (17) can
be constructed in a weighted sum form as,
Find : a = {T00, T01, · · · , Tmn} ,m = 1, · · · ,M − 1;n = 1, · · · , N − 1
Minimizing : J (a, µ, σ) = 1
µ(Kcr)
+ kσ(Kcr)
subject to : K (a)u (a) = f
−90◦ ≤ a ≤ 90◦ (35)
Similarly, the constituent material properties are considered as random
variables with 10% variability. Robust designs with and without controlling
for variability are obtained from the developed method. We present the re-
sulting designs in three rows in Fig. 8, based on the factor k in Eq. (35).
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The first row is for k = 0 (designs for expected value only), while the sec-
ond and third rows present two different extents of control over the design
variability. The corresponding fibre angles at reference points of each design
are given in Table 5 for the linear- and nonlinear-variation cases. It can be
seen that the critical buckling coefficients are very close to those reported in
the references. For the linear variation formula, Kcr is 2.99 comparing with
the reference value of 3.14 (Gu¨rdal et al., 2008). For the nonlinear variation,
Kcr with value of 3.31 is also comparable with the one of 3.49 in (Wu et al.,
2012). They are depicted in Fig. 8 as discretized forms. It can be seen
that the fibre angles have clearly noticeable differences in their patterns. In
addition, controlling for design variability (increasing k) consistently leads
to more complexity in the designs. For instance, the fibre paths are mainly
along a diagonal direction in the case of k = 0 for both LV and NLV cases,
while they are a mixture of the diagonal and the x-directions for k = 2.
To quantitatively compare the differences, statistics of the critical buckling
loads for the designs are given in Table 6. The decrease of the standard de-
viation with the increase of k indicates that the proposed method is effective
to control the variability in providing optimal designs. The robust designs
have a smaller standard deviation and mean value of the eigenvalue, which
indicates that they are less sensitive to the variability magnitudes of the ma-
terial properties. However, the reduction in variation is at the expense of
the mean value of the eigenvalue in the optimized structure. Linking with
the fibre paths given in Table 5, the variation insensitive designs are mainly
achieved by directing the fibre paths parallel to the y-direction.
26
5. Conclusions
This paper aims to provide a robust design optimization framework ac-
counting for the material and applied load uncertainties for variable angle tow
composite structures. The uncertainties in material properties and applied
loads may become a factor that cannot be ignored in the design of variable
angle tow composite structures to be fabricated with some advance fibre
placement technologies. The stochastic analysis of the response function is
performed by using the perturbation-based stochastic finite element method,
where the stochastic functions, such as the stiffness matrix, are approximated
by Taylor series expansion. The robust design formula for buckling optimiza-
tion problem is given to find design solutions that are less sensitive to the
investigated variations. In this study, the considered bi-criteria optimization
problem for maximizing the mean but minimizing the standard deviation
of the critical buckling load is converted into a single-objective optimiza-
tion problem with the weighted sum model. Theoretically, the weighted sum
model may not recover the whole Pareto front due to non-convexity of the
objective functions. However, meaningful Pareto solutions can generally be
obtained by using different weighting factors, which suffices for most prac-
tical applications. Finally, the robust solutions can be obtained by solving
the optimization problem with the generic evolution algorithm. As shown by
the numerical examples, compared with the deterministic optimal design, the
proposed robust design formulation can yield reasonably optimized designs
that are less sensitive to variations of material properties and applied loads.
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Table 1: Statistical properties of random variables
Item Phase
Random Original Coefficient
Distribution
variable value of variation
Fibre
Ef1 225 GPa 0.1 Normal
Ef2 15 GPa 0.1 Normal
νf12 0.2 0.1 Normal
Material νf23 0.07 0.1 Normal
properties Gf12 15 Gpa 0.1 Normal
Matrix
Em 4.2 GPa 0.1 Normal
νm 0.34 0.05 Normal
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Table 2: Comparison of the critical buckling mode and stress resultants for the square
plate based on various fibre tow paths
Type
1st eigenmode Stress resultants
λ Shape Nx Ny Nxy
Quasi 0.3238
LV 0.4016
NLV 0.4478
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Table 3: Fibre angles for each optimal design of VAT plate 1 under uncertainties
Type Weight LV NLV
Material
k = 0 −77.63 < −32.71| − 74.83 >

53.80 41.75 62.87
82.03 41.27 58.70
−34.76 22.80 38.41

k = 50 −88.45 < −21.82| − 55.80 >

89.89 32.36 19.33
89.83 50.92 44.13
−27.96 27.84 47.02

k = 100 59.10 < −26.97|81.90 >

74.13 72.43 89.77
65.16 33.61 89.79
−35.65 1.50 89.94

Force
k = 1 −69.79 < −27.28| − 88.55 >

89.45 38.50 70.67
89.76 39.49 62.34
−12.55 10.60 52.58

k = 2 −71.25 < −26.55| − 90 >

89.83 45.42 74.77
88.71 44.36 57.70
12.84 −10.47 63.02

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Table 4: Statistics of critical buckling load for VAT plate 1
Uncertainty
Tow Weight factor
path k = 0 k = 50 or k = 1 k = 100 or k = 2
formula MV STD CV MV STD CV MV STD CV
Material
LV 0.4061 0.0423 10.41% 0.3720 0.0354 9.52% 0.2781 0.0225 8.09%
NLV 0.4478 0.0473 10.56% 0.3756 0.0305 8.12% 0.3049 0.0234 7.67%
Force
LV 0.4061 0.0290 7.14% 0.3893 0.0260 6.69% 0.3858 0.0248 6.44%
NLV 0.4478 0.0323 7.21% 0.4252 0.0257 6.04% 0.3379 0.0179 5.29%
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Table 5: Comparison of the critical buckling mode and stress resultants for the square
plate based on various fibre tow paths
Type LV NLV
k = 0 −89.88 < −9.48|78.90 >

−70.81 −41.22 −68.11
−69.69 −55.82 −52.49
5.03 9.36 −26.50

k = 1 89.93 < −5.99|89.93 >

51.25 65.57 54.18
72.29 35.58 54.26
−2.78 29.42 47.33

k = 2 −66.91 < −6.43|88.50 >

77.65 43.92 83.66
53.85 52.27 37.30
35.06 9.55 71.30

Table 6: Statistics of critical buckling load for VAT plate 2
Tow Weight factor
path k = 0 k = 1 k = 2
formula MV STD CV MV STD CV MV STD CV
LV 2.99 0.3085 10.32% 2.64 0.2464 9.33% 2.01 0.1590 7.91%
NLV 3.31 0.4145 12.52% 2.70 0.2240 8.29% 2.24 0.1654 7.40%
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(a) Fibre path functions
(b) Linear variation, 0◦ < 0◦|50◦ > (c) Nonlinear variation
Figure 1: Configuration of the variable angle tow composite laminate.
42
Figure 2: Coordinate system and profile of a unidirectional fibre-reinforced lamina.
(a) Linear variation (b) Nonlinear variation
Figure 3: Discretized fibre tow paths in finite element mesh.
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(a) Plate 1
(b) Plate 2
Figure 4: Configurations and boundary conditions of the two VAT laminates.
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(a) Plate 1
(b) Plate 2
Figure 5: Mesh convergence of the critical buckling loads.
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Figure 6: Robust designs for VAT plate 1 under variations of material properties
46
LV NLV
k = 0
k = 50
k = 100
Figure 7: Robust designs for VAT plate 1 under variations of applied forces
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Figure 8: Robust designs for VAT plate 2 under variations of material properties
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